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Abstract 

We show that the pseudotensors of Einstein, Tolman, Landau and Lifshitz, 
Papapetrou, and Weinberg (ETLLPW) give the same distributions of energy, 
Unear momentum and angular momentum, for any Kerr-Schild metric. This 
result generalizes a previous work by Giirses and Giirsey that dealt only with 
the pseudotensors of Einstein and Landau and Lifshitz. We compute these 
distributions for the Kerr-Newman and Bonnor-Vaidya metrics and find rea- 
sonable results. All calculations are performed without any approximation in 
Kerr-Schild Cartesian coordinates. For the Reissner-Nordstrom metric these 
definitions give the same result as the Penrose quasi-local mass. For the Kerr 
black hole the entire energy is confined to its interior whereas for the Kerr- 
Newman black hole, as expected, the energy is shared by its interior as well 
as exterior. The total energy and angular momentum of the Kerr-Newman 
black hole are M and Ma, respectively (M is the mass parameter and a is the 
rotation parameter). The energy distribution for the Bonnor-Vaidya metric 

is the same as the Penrose quasi-local mass obtained by Tod. 
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I. INTRODUCTION 



The general theory of relativity is an excellent theory of space, time and gravitation and 
has been supported by experimental evidences with flying colors, but some of its features 
are not without difficulties. For instance, the subject of energy-momentum localization has 
been a problematic issue since the outset of this theory. Einstein investigated whether or 
not one can obtain a locally conserved energy-momentum tensor for the gravitational field 
plus the source (given by the right hand side of the Einstein equations). However, the 
locally conserved energy-momentum complex constructed by him is neither a tensor nor 
it is symmetric and therefore its physical interpretation was questioned by several physi- 
cists, notably by Weyl, Pauli, and Eddington (see reference fTJ). Tolman [|] obtained a 
new energy-momentum pseudotensor which is again not symmetric. However, Landau and 
Lifshitz (LL) succeeded in constructing a symmetric energy-momentum pseudotensor 
which can therefore be used to obtain the angular momentum of a general relativistic sys- 
tem. Nevertheless, to use the pseudotensors of Einstein, Tolman, or LL, one is restricted 
to quasi-Minkowskian coordinates. M0ller arguing that to single out a particular coor- 
dinate system is not satisfactory from the general relativistic point of view, constructed a 
new energy-momentum pseudotensor and claimed that with it one was not constrained to 
use asymptotically Minkowskian coordinates. The energy and energy current density com- 
ponents of the M0ller pseudotensor transform as a four-vector density with respect to the 
group of purely spatial transformations. However, three years later, M0ller observed a serious 
drawback of his prescription f^, i.e., the total energy-momentum vector of a closed physical 
system is not a Lorentz four-vector. Thus, M0ller's attempt to give a coordinate-independent 
prescription for energy calculations failed and therefore we will not discuss M0ller's pseu- 
dotensor any more in this paper. In fact, following the energy-momentum pseudotensor of 
Einstein, a plethora of definitions for energy, momentum, and angular momentum of a gen- 
eral relativistic system have been proposed by many authors (see and references therein). 
Komar [0] gave a coordinate-independent definition for the energy. Using his prescription, 
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Cohen and de Felice P] calculated the effective mass of the Kerr-Newman (KN) metric. 
The Komar mass for the Reissner- Nordstrom (RN) metric is E = M — Q'^/r (M and Q are 
the mass and charge parameters, respectively), which is not in agreement with the linear 
theory. Moreover, Tamburino and Winicour pointed out that the Komar definition is 
not adequate for radiating systems. Penrose |TD[ proposed a quasi-local definition of mass, 



momentum, and angular momentum in general relativity. Using the Penrose definition. Tod 
I nil calculated the quasi-local mass for several spacetimes. For the RN metric he found 



E = M — Q^/(2r). He pointed out that as opposed to the Komar energy his result is in 
agreement with the linear theory. However, the Penrose definition has not succeeded to deal 
with the Kerr metric |jl2[ . Bergqvist [jl3| considered seven different definitions of quasi-local 



mass and found that not any two of them give the same result for the RN and Kerr space- 
times. Despite these problems there has been considerable interest in this subject in recent 
years (see and references therein). 

As the energy-momentum complexes of Einstein, Tolman, and LL are not tensors under 
general coordinate transformations, many physicists do not take them seriously as pre- 
scriptions for energy-momentum localization in general relativity. By contrast, the total 
energy, momentum, and angular momentum (in LL prescription) are accepted unanimously 
when calculations are carried out in quasi-Minkowskian coordinates. Lindquist, Schwartz, 
and Misner |jT6|, using the LL pseudotensor, calculated the energy, momentum, and power 
output for the Vaidya metric and got the expected result. One of the present authors (Virb- 
hadra, referred to as KSV hereafter) showed that the pseudotensors of Einstein, Tolman, 
and LL (ETLL) give the same and reasonable energy distribution in the KN field when cal- 
culations are carried out in Kerr-Schild (KS) Cartesian coordinates. He also obtained the 
angular momentum distribution in the LL prescription. However, his calculations were lim- 
ited up to the third order of the rotation parameter. Switching off the charge parameter he 
found that there is no energy associated with the exterior of the Kerr black hole. Though 
the investigations were limited up to the third order of the rotation parameter, he conjec- 
tured that one would get the same result for the Kerr metric if the calculations were carried 



out exactly. Cooperstock and Richardson [jT8| extended the energy calculations up to the 



seventh order of the rotation parameter and found that the pseudotensors of ETLL give the 
same energy distribution for the KN metric. Moreover, their result supported the conjecture 
of KSV that there is no energy associated with the exterior of the Kerr black hole. Later on 
KSV []TP[ showed that the pseudotensors of ETLL yield the same energy and energy current 



density components for the Vaidya metric. 

Recently two of the present authors (Chamorro and KSV) |^ obtained the energy 



distribution in the Bonnor- Vaidya (BV) spacetime |^ in the prescriptions of Einstein and 



LL. Both definitions give the same result as the Penrose prescription They also obtained 
the energy current density components (and power output) for the same metric. Both 
(Einstein and LL) prescriptions give the same reasonable result. Despite these successes 
this subject required more study. For instance, there are other pseudotensors known in the 
literature and many more can be constructed (with the property of divergence- free relation), 
which could give different results for the KN, BV or other spacetimes. Moreover, the result 
known for the KN metric was limited up to the seventh order of the rotation parameter 
and it could be possible that different pseudotensors disagree if calculations were exactly 
performed. The aim of this paper is to clarify these questions. We consider two more well- 
known (symmetric) energy-momentum pseudotensors, i.e., the pseudotensors of Papapetrou 
and Weinberg ||22| and show that all these pseudotensors lead to the same result for the KN 
as well as the BV spacetimes when calculations are carried out in KS Cartesian coordinates. 
Weinberg, using his pseudotensor, calculated the total energy, momentum, and angular 
momentum of the Kerr metric. He carried out calculations at infinite radial distance and 
therefore his results do not bear on energy-momentum distributions. 

Only recently has been brought to our attention that in an interesting paper Giirses and 
Giirsey I^S] showed that the pseusotensors of Einstein and LL coincide for all Kerr-Schild 
metrics. In this paper we extend that result by showing that the five pseudotensors of 
ETLLPW coincide for any Kerr-Schild metric and, in consequence, give the same energy 
and energy current density components for the KN as well as BV spacetimes. The rest 



of the paper is organized as follows: Sec. H presents the energy-momentum pseudotensors 
of ETLLPW. In Sec. JTT| we show that the five pseudotensors coincide if KS Cartesian co- 
ordinates can be used. Sec. |rV| gives the results for the energy, momentum, and angular 
momentum distributions of the KN metric in KS Cartesian coordinates. The energy, mo- 
mentum, and energy current density components are also given. We present the results 
corresponding to the BV metric in Sec. 0. Sec. ^ discusses the results obtained in previous 
sections. 

Conventions. We use geometrized units in which the speed of light in vacuum c and the 
Newtonian gravitational constant G are taken to be equal to 1, the metric has signature 
H , and Latin (Greek) indices take values ... 3 (1 ... 3). 



II. ENERGY-MOMENTUM PSEUDOTENSORS 



The energy-momentum pseudotensors of ETLLPW are given below: 
(a) The pseudotensor of Einstein is |Q 
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IGtt 



(1) 



where 



U kl TT 



Ik 9in 



-9 {g'^'g'"' - g'^'g'"' 



(2) 



©0 ; ©a , and Go" are the energy, momentum, and energy current density components. Bj 
satisfies the local conservation laws: 



0. 



(3) 



The energy and momentum are given by 



Pi 



Qi^dx^ dx^ dx\ 



(4) 



Using Gauss's theorem one can write 
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(5) 



where is the outward unit normal vector and ^5" is the infinitesimal surface element, 
(b) The pseudotensor of Tolman is 



= — f/,; 



6TT 



kl 
i Ai 



(6) 



where 



U, 



kl 



(7) 



with 



T/ * — — F* -I- in^F™ -I- in*F™ 
~ jk ' ngj^ mk ' r^gk^ mj- 



(8) 



Tq , Ta , and Tq"" are the energy, momentum, and energy current density components, 
satisfies the local conservation laws: 



0. 



(9) 



The energy and momentum are given by 



^"^"q dj^jC diOc di^jC • 



(10) 



For time-independent metrics one can write 



(11) 



(c) The symmetric pseudotensor of Landau and Lifshitz is 



IGtt 



(12) 



where 



\iklm ^ ( ^ik Im ^km 

^ — —g [g g ~ g g 



(13) 
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L*"^ and L"" are the energy and energy current (momentum) density components, 
satisfies the local conservation laws: 



The energy and momentum are given by 



L diX dx dx 



and the angular momentum is given by 

= [f[ {x'L^^ - x^L^') dx^ dx^ dx^ 



Using Gauss's theorem, the energy and momentum are 



IGvr 

and the physically interesting components of J*^ are 



J"/' = -1- (a;"A^°"'",„ - x^A"°""^,™ + A"°"^) dS. 



(d) The symmetric pseudotensor of Papapetrou is p2 | 



Sik i\Tiklm 

lovr 



where 



with 

r/*^ = diag(l, -1,-1,-1). 

and are the energy, and energy current (momentum) density components, 
satisfies the local conservation laws: 

dx^ 



The energy and momentum are given by 

dx^ dx^ dx^ (23) 
and the angular momentum is given by 

J^^ = [[[ - x'^TP') dx^ dx^ dx\ (24) 



For time-independent metrics, one has 

r = ^jj N^'^^P^prio^dS (25) 

and the physically interesting components of the angular momentum are 

= — I I (x"Ar°^^" ^ - x^A^°"^" ^ - iV°^"" + N^'^"'^) dS. (26) 
IGtt J J ^ ' ' ' 

(e) The symmetric pseudotensor of Weinberg is |2^ 

p^ifc^^^Kfc (27) 
167r '' ^ ' 

where 

^hk ^ a^rk _ _^^lk _ ^^k ^ ^Ik ^ (28 

OXi OXi OX°- OX°- OXi OXi 

and 

hik = Qik - Vik- (29) 

rjijc is the Minkowski metric. Indices on hn. or d/dxi are raised or lowered with help of r^'s. 
It is clear that 

j^lik ^ _J^tlk_ (30) 

W^^ and W^^ are the energy and energy current (momentum) density components. W^'' 
satisfies the local conservation laws: 

gy^^ik 



dx^ 
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0. (31) 



The energy and momentum are given by 

dx^ dx^ dx^ (32) 
and the angular momentum is given by 

= [[[ [x'W^^ - x^W""') dx' dx^ dx\ (33) 



Using Gauss's theorem, one has 

1 



dS (34) 



IGtt 

and the physically interesting components of the angular momentum are 

= ^jj - + r^^/i*"^ - r7"^/i°") n„ dS. (35) 



III. KERR-SCHILD METRICS 

In the following we shall consider the algebraically special metrics of Kerr-Schild which 
are given by 

9ik = Vik - 2Vlilk (36) 
in terms of the scalar function V and the null vector /j which satisfies the following properties: 

giki'i" = mkVi^ = 0, = 1%,, = 0. (37) 

For all these metrics one has g = —1, = g'^^lk = V^'^h and the inverse metric is 

gik ^ ^ik ^ 2Vri\ (38) 



Giirses and Giirsey |^ pointed out that for these metrics the pseudotensors of Einstein and 
LL coincide and are proportional to the Einstein tensor: 

e,'^ = r],,U'' = i-G.^ (39) 



In fact, by using the properties of Kerr-Schild metrics it is not difficult to prove that for 
these metrics the five pseusotensors of ETLLPW will coincide because one always have in 
KS coordinates: 

9,'= = T^ = = V'' = T.'^ = W'^ = -^A''^"",,^, (40) 

where 

p^ikpq ^ 2y {7]Hn'' + rfnH^ - ri'nH" - Tfn'F) . (4i) 

In consequence, the energy and momentum are 

P' = ^llA""'"',mnadS (42) 
and the physically interesting components of J*'^ are 

= _1_ (a;"A^°"™,^ - x^A"°"™,™ + A"°"^) dS. (43) 



IV. THE KERR-NEWMAN METRIC 

The KN spacetime, characterized by mass, charge, and rotation parameters, in KS Carte- 
sian coordinates is given by the line element in Eq. (RBI) with the following choices for V 



and h [24 



2MI-QV 

2 (p4 + a2^2) ' ^ ) 

U dx" = dt -\ — dz -\ — Tr~ — o (xdx + y dy) ixdy — y dx) , (45) 

p p'^ + a'^ p^ + 

where p is defined by the positive root of 

p'^ + p^ 



a = and Q = in (^) and ( P5| ) give the RN and Kerr spacetimes, respectively. For each 



value of p Eq. ( ^BD defines a surface that can be parameterized by two angular coordinates, 
{6, if), as follows: 
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X = y + smO cos ^9, 



y = \J + smO sin yj, 

z = pcose. (47) 



The components of the outward unit normal vector over the surface given by (^q ) (with p 
constant) are 

P ■ a 

= Y smt^cosv?, 



ny = — sm6'smv9, 



nz = J cosU, (48) 



and the infinitesimal surface element is 



dS = ^p'^ + a'^T sin edOdip, (49) 

where 



T = ^p2 + a2 cos2 e. (50) 

Now, we calculate the energy, momentum, and angular momentum for the KN metric 
in KS cartesian coordinates and use the results of the previous section. The intermediate 
mathematical expressions are very lengthy and therefore we give only the final results, which 
have been obtained and checked by means of two different computer algebra systems. The 
energy and momentum inside a surface given by (^6D with constant p in all the prescriptions 
of ETLLPW are 



E = M - — 
Ap 



' (a2 + p2) 

1 H arctan - 

ap 



Pi = P2 = Pz = 0. (51) 

The physically important components of the angular momentum in all the prescriptions of 
LLPW are 



11 



1-^ + 



arctan — 
VP. 



a^p 



J 



23 



J- 



31 



0. 



(52) 



The total energy, momentum, and angular momentum (p approaching infinity in the 
above expressions) for the KN metric are E = M, Pi = P2 = = 0, J^^ = Ma and 
j23 _ j3i _ g rjij-^g energy, momentum, and energy current density components of the 
ETLLPW pseudotensors for the KN metric are 

eo° = = = = = (p^ + 2aV' - ah') A, 



Go^ = -01° = To' = -Ti° = 



^10 
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-2ai/p2A, 



Go' = -02° = %' = -T2° = = = 1^20 ^ 2axpM, 



00^ = 03° = To' = T3° = 



^30 



= 0, 



(53) 



where 



A 



Stt {p^ + a^z^f 

For the Kerr metric {Q = 0) all the components given in (|53|) are zero. 



(54) 



V. THE BONNOR-VAIDYA METRIC 



Two of the present authors (Chamorro and KSV) ||20[ considered the BV metric in the 
prescriptions of Einstein and LL and got the same and reasonable result for the energy 
distribution. They also got the same result for the energy current density components. In 
the light of Giirses and Giirsey's result |^ one sees the reason for the coincidences. The 
BV metric in KS Cartesian coordinates is given by the line element in Eq. (|36|) with the 
following choices for V and k: 

M (u) 



V 



li dx^ = dt — dr, 



2r2 



(55) 
(56) 
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where r = \/x^ ^ ^ . The mass and charge parameters, M{u) and Q{u), depend on 
the retarded time coordinate u {u = t — r). The pseudotensors of Einstein and LL give the 



same result 20 



E = M(u) 



2r 



(57) 



It is of interest to note that the Penrose definition also leads to the same result for the BV 



metric ||12[. Next we give the energy, momentum, and energy current density components 
for the BV metric in the prescriptions of ETLLPW. 





= V = 




^00 _ ^roo ^ 


^\ + rA, 




eo^ 


= -ei° 


— -'o 


= -TiO = 


= = W^^ 


= xA, 


eo^ 


= -62° 


— -'O 


= -T2° = 


= = 1^20 


= 1/A, 


eo^ 


= -63° 


— -'O 


= -T3° = 




= zA, 



(58) 



where 



QQ-rM 



(59) 



The dot over Q and M stands for the derivative with respect to the retarded time coordinate 



u. 



VI. DISCUSSION 



The subject of the energy-momentum localization in general relativity has been debated 
since the beginning of relativity and it still continues (for instance, see ||2^). Bondi |25 



argued that a non-localizable form of energy is inadmissible in relativity and so its location 
can in principle be found. Following the Einstein pseudotensor, a large number of coordinate- 
dependent as well as coordinate independent definitions of energy, momentum, and angular 
momentum in general relativity have been given in the literature. There is no adequate 
coordinate-independent prescription for energy-momentum localization in general relativity. 
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Bergqvist [|T3[ investigated seven different definitions of energy and reported that no two 



definitions give the same result for the RN and Kerr spacetimes. The well known quasi-local 
definition for energy, momentum, and angular momentum given by Penrose, which gave 



reasonable result for several spacetimes, has not succeeded to handle the Kerr metric p2 |. 

In the present paper we have obtained the energy and angular momentum for the KN 
metric for arbitrary values of the mass, charge, and rotation parameters. The pseudotensors 
of ETLLPW give the same and reasonable energy distribution. Again the symmetric pseu- 
dotensors of LLPW give the same and reasonable angular momentum distribution for this 
metric. They also give the same energy and energy current density components for the KN 
metric. For the KN black hole the energy is distributed by its interior as well as exterior 
whereas for the Kerr black hole the energy is confined to its interior. This proves a previous 
conjecture of KSV Jl^ and is compatible with Cooperstock's conjecture |jl5[. It is clear from 



( pl|) and (0) that the energy distribution is independent of the sign on the charge as well 
as rotation parameters whereas the direction of the angular momentum depends on the sign 
of the rotation parameter and is independent of the sign on the charge parameter. This 
is obviously a convincing result. The total energy and angular momentum (p approaching 
infinity in ( pT| ) and (0)) are M and Ma, respectively. For the RN metric (a = 0), one gets 

E = M-—. (60) 

The definitions of Penrose as well as that of Hayward give the same result for the RN metric 
||TT| , |26|| . Also, for the BV metric the pseudotensors of ETLLPW give the same result (see 
(^)) as given by the Penrose definition . 



Summarizing, the energy-momentum localization has been a longstanding "recalcitrant 
problem" in general relativity. Despite many painstaking efforts no adequate coordinate- 
independent definition is known. We have shown that several pseudotensors give the same 
and reasonable result for the KN as well as the BV spacetimes when calculations are carried 
out in KS Cartesian coordinates. Different pseudotensors giving the same results for local 
quantities (in KS Cartesian coordinates) does not seem to be accidental. It could be of 
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interest to investigate this problem further. 
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